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1. Orbital motion 

2. Spin & orbital-plane precession 

3. GW emission and inspiral

Precession InspiralOrbit << <<

…3 evolving variables ✓1, ✓2, ��

…or equivalently ⇠ (�e↵), J, S

(more immediate)

(more physical! Timescale separation)

…often condensed into �e↵ , �p

(useful in waveforms)

3

L

S1
S2

✓1
✓2

✓12

ŷ

x̂

ẑ

J

L

S

S1 S2

'0

��

✓L

x̂0

ẑ0

ŷ0

S? = ŷ ⇥ S

FIG. 1. Reference frames used in this paper to study BBH
spin precession. The angles ✓1, ✓2, ��, and ✓12 are defined
is a frame aligned with the orbital angular momentum L (left
panel). The binary dynamics can also be studied in a frame
aligned with the total angular momentum J (right panel).
Once L is taken to lie in the xz-plane, its direction is spec-
ified by S through the angle ✓L. The angle '0 corresponds
to rotations of S1 and S2 about the total spin S. The two
frames pictured here are not inertial because the direction of
L changes together with the spins to conserve J. These angles
are defined in Eqs. (2), (4) and (9).

of these parameters, greatly reducing the number of de-
grees of freedom. At the PN order considered here, the
magnitudes of both spins are conserved throughout the
inspiral, reducing the number of degrees of freedom from
nine to seven. The magnitude of the orbital angular mo-
mentum is conserved on the precession time (although
it shrinks on the radiation-reaction time), further reduc-
ing the number of degrees of freedom from seven to six.
The total angular momentum J = L + S1 + S2 is also
conserved on the precession time, reducing the number
of degrees of freedom from six to three. As described
in greater detail in the next subsection, the projected
e↵ective spin ⇠ [55, 56] is also conserved by both the
orbit-averaged spin-precession equations at 2PN and ra-
diation reaction at 2.5 PN, providing a final constraint
that reduces the system to just two degrees of freedom.
In an appropriately chosen non-inertial reference frame
precessing about J, precessional motion associated with
one of these degrees of freedom can be suppressed, im-
plying that the relative orientations of the three angu-
lar momenta L, S1 and S2 can be specified by just a
single coordinate! We will provide an explicit analytic
construction of this procedure in this and the following
subsection.

We begin by introducing two alternative reference
frames in which the relative orientations of the three an-
gular momenta can be specified explicitly. As shown in
the left panel of Fig. 1, one may choose the z0-axis to lie
along L, the x0-axis such that S1 lies in the x0z0-plane,
and the y0-axis to complete the orthonormal triad. In

this frame only three independent coordinates are needed
to describe the relative orientations of the angular mo-
menta; we choose them to be the angles

cos ✓1 = Ŝ1 · L̂ , (2a)

cos ✓2 = Ŝ2 · L̂ , (2b)

cos �� =
Ŝ1 ⇥ L̂

|Ŝ1 ⇥ L̂|
·

Ŝ2 ⇥ L̂

|Ŝ2 ⇥ L̂|
, (2c)

where the sign of �� is given by (cf. Fig. 1)

sgn �� = sgn{L · [(S1 ⇥ L) ⇥ (S2 ⇥ L)]}. (2d)

The relative orientations of the three angular momenta
can alternatively be specified in a frame aligned with the
total angular momentum J. For fixed values of L, S1,
and S2, the allowed range for J = |J| is

Jmin  J  Jmax (3a)

where

Jmin = max(0, L � S1 � S2, |S1 � S2| � L) , (3b)

Jmax = L + S1 + S2 . (3c)

As shown in the right panel of Fig. 1, one can choose the
z-axis parallel to J and the x-axis such that L lies in the
xz-plane:

J = J ẑ and L = L sin ✓Lx̂ + L cos ✓Lẑ . (4)

The third unit vector ŷ = ẑ ⇥ x̂ completes the orthonor-
mal triad. The total spin S = S1 + S2 = J � L will also
lie in the xz-plane:

S = �L sin ✓Lx̂ + (J � L cos ✓L)ẑ , (5)

implying

cos ✓L =
J2 + L2

� S2

2JL
. (6)

We can also define a unit vector

Ŝ? =
(J � L cos ✓L)x̂ + L sin ✓Lẑ

S
(7)

which also lies in the xz-plane but is orthogonal to Ŝ.
While the magnitudes L and J of the orbital and to-

tal angular momenta are conserved on the precession
timescale, the same is not true for the total-spin mag-
nitude S, which oscillates within the range

Smin  S  Smax , (8a)

where

Smin = max(|J � L|, |S1 � S2|) , (8b)

Smax = min(J + L, S1 + S2) . (8c)

Beyond effective spins Davide Gerosa 
NASA Einstein Fellow 

California Institute of Technology

more: DG+ (2015) arxiv:1506.03492

torb / r3/2
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The Question: Are Globular Clusters the birthplaces of merging BHs—> GWs?
 If yes, then for ~10% of these systems (the most massive and dense) we expect to 
have a runaway process.

Top Heavy: Bottom Heavy:

Black Holes Runaway Growth in Globular Clusters

Cholis, Kovetz, Kamionkowski in prep 2018

Simplified paths:

Kovetz, Cholis, Kamionkowski,
 Silk, arXiv:1803.00568…LIGO range LIGO range

LISA range?

LISA range?…

From LIGO obs. we 
will be able to derive 
limits on the occupa-
tion fraction of IMBHs 
in GCs:

Very massive 
end

Very massive 
end

10 30 100 200 300
M [M-]

1

10

100

N

Binned 1D Mass distribution of BBHs: Astrophysical + IMBH

aLIGO BBH: 807
aLIGO IMBH: 2680
aLIGO IMBHT: 130

11

Right Triangle Isosceles

Background Model O1+O2 O3 (1 yr) Design (6 yrs) with R(z) O1+O2 O3 (1 yr) Design (6 yrs) with R(z)

P (M) / exp(�(M/40)2) 470% (0.2) 38% (3) 3.1% (47) 2.9% (53) 19% (3.9) 3.4% (34) 0.4% (420) 0.3% (630)

P (M) / exp(�(M/60)2) 760% (0.2) 68% (3) 7.4% (47) 6.8% (53) 34% (3.9) 6.3% (34) 1.2% (420) 0.3% (630)

P (M) / H(50�M) 220% (0.2) 17% (3) 1.3% (47) 1.2% (53) 9.7% (3.9) 1.4% (34) 0.2% (420) 0.08% (630)

P (M) / exp(�M/40) 890% (0.2) 120% (3) 19% (47) 18% (53) 36% (3.9) 9.2% (34) 2.2% (420) 1.7% (630)

R̄BG = 103 + 110 = 213 470% (0.2) 41% (3) 3.4% (47) 3.1% (53) 22% (3.9) 3.5% (34) 0.5% (420) 0.4% (630)

� = �1 430% (0.2) 34% (3) 2.8% (47) 2.7% (53) 19% (3.9) 2.9% (34) 0.4% (420) 0.3% (630)

� = 1 480% (0.2) 34% (3) 3.3% (47) 3.1% (53) 22% (3.9) 3.3% (34) 0.5% (420) 0.4% (630)

TABLE II. 99.9% confidence-level contraints on focc, the occupation fraction of IMBHs formed in a runaway process (with the
two merger trees considered above: Right triangle and Isolsceles) in globular clusters. The predicted number of IMBH-related
observed events with M > 100M� in each scenario (for focc = 100%) is shown in parentheses. See main text for more details.
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Next-Gen Numerical Relativity:
More Science at Less Cost

Reducing computational expense
● Moore’s Law is slowing

○ Cannot rely on continued CPU speed boosts

● Path forward = more efficient algorithms
○ Better sampling of our spacetimes

■ Beyond Cartesian AMR for CB inspirals:
● Bispherical-like coords
● Patches of curvilinear grids

■ Toward implicit timestepping
● Corotation / dual frame approach

○ More scalable algorithms
■ DG methods
■ Few-patch grids

Reducing human expense
● Lowering learning curve

○ Excellent texts on NR & GW astrophysics
○ Texts on NR codes & algorithms?

■ Need to improve our code 
documentation

● Automatic code generation
○ Input: Eqs in Einstein-like notation
○ Output: Optimized C code
○ Open-source packages

■ Kranc (kranccode.org)
● Mathematica-based

■ NRPy+ (tinyurl.com/nrpyplus)
● Python/SymPy-based

Zachariah B. Etienne





Sequences of spinning binary neutron stars: circulation & spin

Single
Rotating
Star

EoS:ALF2

Generally lines of constant C, J/M 2 are dis-
tinct.

For slow rotations, they nearly coincide (up
to a constant) )

Moving along a C = const curve is al-
most equivalent to moving along a J/M 2 =
const curve.

Equal Mass Binary, EoS:ALF2 (J1,ql: Quasi-local angular momentum of one star,

J : Total angular momentum, Jirr: Total angular

momentum of irrotational binary.)

) Corotating sequences can have low spin
 0.3 even for close binaries.

) Constant circulation sequences preserve
quasi-local spin (for low spins) similarly to
single rotating stars.



GW170817 + GRMHD ) NS Maximum Mass
⇧

BHNS merger NSNS merger: delayed collapse NSNS merger: prompt collapse

jet jet no jet

�M sph
max ⇡ M sup

max . 2.74 . Mthresh ⇡ ↵M sph
max.

2.74/↵ . M sph
max . 2.74/�

EOS causal limit ) � ⇡ 1.27 ) M sph
max . 2.16

⇧
M. Ruiz, S. Shapiro, A. Tsokaros, Phys. Rev. D 97, 021501(R) (2018)


